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Motivation
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» Goal: build a prediction set C(X,.s;) that contains Y;.;; with high probability:
Te IP)(Ytest € C(Xtest)) =1l-«a
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Main idea
Symmetric residuals: scores and calibration set

) Score function S: X XY - R}

= Measures how well the predicted label aligns with the true label
= Ex:S5(x,y) = —logps(y|x) in classification
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) Score function S: X XY - R}

= Measures how well the predicted label aligns with the true label
= Ex:S5(x,y) = —logps(y|x) in classification

] Calibration set

= Held-out portion of labeled data (X;,Y;), ..., (X,,,Y;,) used to compute
prediction sets

] Observation: the S(X;,Y;) and S(Xtest, Yiper) are ii.d:
P(rank(S(Xtest» Ytest)) < k) =— 2 k= [(1 o a)(n T 1)]
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Main idea
Symmetric residuals: scores and calibration set

) Score function S: X XY - R}
= Measures how well the predicted label aligns with the true label

= Ex:S(x,y) = —logps(y|x) in classification

> Conformal Prediction (Vovk et al., 2005):
IP)(Ytest € C(Xtest)) =21-a,

where C(Xe5¢) = {y : rank(S(Xtest» y)) <[A-a)n+ 1)]}

] Observation: the S(X;,Y;) and S(Xtest, Yiper) are ii.d:

P(rank(s(xtest» Ytest)) < k) =— 2 k= [(1 o a)(n T 1)]
—O0——0—0-0—0 O—> R -
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P-values!

Alternative formulation:

P(1+ Yo, US(XY)>S(Xeest. Yeest))
n+1
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P-values! And e-values...

Alternative formulation:
P(!Lﬁz 1 MY D> (Keest Yiest))) a) <

p-value

S(Xi, Y) }< S(Xi, Y)

HS(Xi, Ye) > S(Keests Yeest)} = ﬂ{ =
l - o S(Xtest; Ytest) S(Xtest' Ytest)

<1 / E where E is the soft-rank e-value [Wang & Ramdas 2020, Koning 2023, Balinsky & Balinsky 2024].
F = S(Xtest-Yeest)
n+1(2 S(Xi»yi)+S(Xtest:Ytest))
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Motivating Example

Calibration dataset

[
~.

» Standard guarantees take the form P(Y;.s; € C(X;e5r)) = 1 — a, where
C (X;est) is constructed using the entire calibration dataset
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Motivating Example

> Sequent1a1 guarantees of the form P(v ¢, V., € C (Xtest)) >1-—
where C() is a conformal sequence: each C(X}..;) is built using data up
totime t — 1.
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Main Result

Supermartingale + Ville’s inequality

L
M, = 1_[(1 — Ay + ALEp),
b=1

5 (X fost Yt%st)
1

Eb —
ny, +1 (Z?£1S(Xib' Yib) T S(X?est»

Ytlést))
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Main Result

Supermartingale + Ville’s inequality
t
M; = 1_[(1 —Ap + ApEp),
b=1

Eb:

S(Xl?est» Ytgst)
1
n, +1 (2?21 S(Xib’ Ylb) + S(X?est’ Ytlést))

» Batch Anytime-valid Conformal Prediction:
P(Vt, Vs € CXEs)) =1 —a,

t _ CTTE-1 01 S(Xfesty )
where C(Xtest) il WA Hbzl(l /1b + AbEb) X < 1/“ .

nt+1(z1il=t1 S(Xit'yit) +S(Xttestr3’))

Ville's inequality P
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» FEMNIST dataset
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Experiments

» FEMNIST dataset
» S(x,y) = !
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Experiments

» FEMNIST dataset
» S(x,y) = !

1/4

pr(y|x)
> A=1
» a =0.15
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Martingale M;
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Martingale M;

Experiments

» FEMNIST dataset
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Main Result

Post-hoc guarantees

Post-hoc p—variables [Wang & Ramdas 2022, Xu et al. 2024, Griinwald 2024, Ramdas & Wang 2024, Koning 2024].

P(P < a|a
L) P

sup [E

a>0

~

a

P is a post-hoc p-variable if and only if E[1/P] < 1.
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Main Result

Post-hoc guarantees

Post-hoc p—variables [Wang & Ramdas 2022, Xu et al. 2024, Griinwald 2024, Ramdas & Wang 2024, Koning 2024].
[P(P < & 1A

» Conformal Prediction with Adaptive Coverage:
E [P(Ytest ¢ C(Xtest)lﬁ)
a

<1,

P

for any adaptive (possibly data-dependent) miscoverage & > 0, where:

C — { . S(Xtest; :V) ~}
(Xtest) =]y 1 <1/al.
— 7 (T, S V) + S Kieses )
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Main Result

Post-hoc guarantees

Post-hoc p—variables [Wang & Ramdas 2022, Xu et al. 2024, Griinwald 2024, Ramdas & Wang 2024, Koning 2024].
[P(P < & 1A

» Conformal Prediction with Adaptive Coverage:
E [P(Ytest ¢ C(Xtest)lef)

Sl;
a

P

for any adaptive (possibly data-dependent) miscoverage & > 0, where:

C — { . S(Xtest; Y) ~}
(Xtest) =]y 1 <1/al.
= (T, S V) + SKeest, )

[P)(Ytest‘fc(xtestﬂa)] _ E[P(Yest®C(Xtest)|®)] _ P(Yiest®C(Xtest))
- E[@] - E[@]

First-order Taylor approximation: E [ =

IP)(Ytest € C(Xtest)) =>1- [E[&]
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Main Result

Post-hoc guarantees

Post-hoc p—variables [Wang & Ramdas 2022, Xu et al. 2024, Griinwald 2024, Ramdas & Wang 2024, Koning 2024].
[P(P < & 1A

» Conformal Prediction with Adaptive Coverage:
E [P(Ytest ¢ C(Xtest)lef)

Sl;
a

P

for any adaptive (possibly data-dependent) miscoverage & > 0, where:

SXtest»y) ~
C(Xiest) =)y 1 <1/al.
n
n+1 (Zizl S(Xi' Yl) + S(Xtest: Y))
First-order Taylor approximation: E [[P’(Ytest(fca(xtest)ﬁ)] ~ E[P(Ytestgfé]xtestna)] _ P(Ytestg[;(]xtest))
r - = Can be estimated using the
P(Y,psr € C(Xiosr)) =1 — E[@] ! <= calibration set [Gauthicr,
I _ ) Bach & Jordan 2025]
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Main Result

Average of e-values = e-value

m
1 .
o
m ]
J=1

E/ =

S(Xtest: Ytest )
L (sn S YY) 4 SKeoer, Veoer )
n+1 =1 ( 4 ) + ( test» ‘test

(e

ca—



Main Result

Average of e-values = e-value

1
E=—2E

SKrest: YVest)
-
= (0, S ) + S Kot Viest )

» Conformal Prediction under Ambiguous Ground Truth:
IPD(Ytest € C(Xtest)) =1—a,

Where C(XteSt) — {y . iz L S(Xtest;YteSt) < 1/“} .

nt1 Yty SXpY; )+S(Xeest Yeest )

Markov’s inequality V4
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Experiments

» CIFAR-10H dataset (filtered)
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Experiments

» CIFAR-10H dataset (filtered)
» S(x,y) = —logpr(y]x)
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Figure 6: Comparison of coverage and conformal set sizes when using e-variables in Monte Carlo conformal
prediction with m = 1 or m = 20 experts, with o = 0.3, from Theorem 15.
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Conclusion

Explored e-values for conformal prediction, enabling more flexible inference

Enables online conformal methods with anytime—valid guarantees

Enables data-dependent coverage guarantees, allowing more adaptive and
informative prediction sets tailored to individual test points

Facilitates easy aggregation of conformal prediction sets, especially useful in
cases of ambiguous ground truth

Opens new avenues for conformal prediction:
= Other possibilities for selecting data-dependent «...

Open questions:
= (Choice of the score function in the soft-rank e-value?
= Choice of the e-value?
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